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ABSTRACT: The theory of fuzzy sets was introduced by L. A. Zadeh in his classic paper “Fuzzy Sets” [1] in 1965. It
enables us to describe mathematically the collection of objects for which there is no precise criteria for membership.
For example, collection of beautiful women. But it is a fact that such classes of ill defined objects play an important
role in certain real situations. In patter, classification fuzziness is a rule rather than an exception. Ever since its
inception the theory of fuzzy sets has advanced in many disciplines. Theoretical advances have been made in many
directions such as fuzzy Algebra, Fuzzy Analysis, Fuzzy Topology and Fuzzy logic. Today the theory of fuzzy sets is
finding applications in a wide variety of fields such as computer science, artificial intelligence, decision analysis,
Management science, and operations research and so on. Home appliances like washing machine, vacuum cleaner are
made using fuzzy logic. My dissertation surveys some of the basic concepts and theories of “Fuzzy Algebra and
Topology” which is a generalization of concepts to Fuzziness. We deal with Fuzzy subgroups of a group, level
subgroups and homomorphism. We deals with Fuzzy direct product of fuzzy subgroups of subgroups. We describe the
concepts of Fuzzy subrings and homomorphism of subrings and subfields. We describes about Fuzzy topological
spaces, local countability, convergence, separability, product Fuzzy topology and fuzzy homeomorphism. We describe
the concepts of Fuzzy subrings and homomorphism of subrings and subfields. We describes about Fuzzy topological
spaces, local countability, convergence, separability, product Fuzzy topology and fuzzy homomorphism.

I. INTRODUCTION

The theory of fuzzy sets was introduced by L.A. Zadeh in his classic paper “Fuzzy Sets” [1] in 1965. It enables us
to describe mathematically the collection of objects for which there is no precise criteria for membership. For example,
collection of beautiful women. But it is a fact that such classes of ill defined objects play an important role in certain
real situations. In patter, classification fuzziness is a rule rather than an exception.

Ever since its inception the theory of fuzzy sets has advanced in much discipline. Theoretical advances have been
made in many directions such as fuzzy Algebra, Fuzzy Analysis, Fuzzy Topology and Fuzzy logic.

This dissertation surveys some of the basic concepts and theories of “Fuzzy Algebra and Topology” which is a
generalization of concepts to Fuzziness.

1l. FUZZY SUBGROUPS OF A GROUP

1.1 PRELIMINARY DEFINITIONS AND RESULTS
1.1.1 Definition
Let S be a set. A fuzzy subset A of S is a mapping A : S —[0,1], A(X) is called the grade of membership of x
in A. The degree of belonging increases if A(X) is nearer to 1.
1.1.2 Definition
Let A and B be fuzzy subsets of a Set S.
Then (1) The union of A and B is denoted by AuB and is defined as (AUB)(X) = Max {A(x), B(X)} V xeS.
The intersection of A and B is denoted by AnB and is defined as (AnB) (x) = Min {A(X), B(X)} V xeS.

Complement of A is A and is defined as A (x) = 1-A(x) = 1-A(X) V xeS.
AcB if A(X) <B(X) V xeS.
A=B if A(X) = B(X) V xeS.
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If {Ai}ic) is a collection of fuzzy subsets of S then their union is defined as (Uic; Ai)(X) = Sup {Ai(X)} V xeS and their
intersection is defined as (i< A))(X) = Sup {Ai(X)} V xeS.

1.2 HOMOMORPHISM
1.2.1 Definition

Let A be a fuzzy subset of S and f is a function defined on S, then the fuzzy set B in f(s) defined by. B(y) =
Sup A(x) Vyefi(s) is called the image of A under f. The image of A is also denoted by f(A)
xe fly

(ie) B =f(A).
1.2.1 Theorem

A homomorphic image of a fuzzy subgroup is a fuzzy subgroup if the sup property holds. Further, the pre
image of a fuzzy subgroup is a fuzzy subgroup.

Proof

Let G be a group and let f be a homomorphism on G.

Let A be a fuzzy subgroup of G. Then its image f(A) = B is a fuzzy subset of f(G).

Then B(y)= Sup A(x) Vyef(G)

xe fly

We prove B is a fuzzy subgroup of f(G). Let f(x), f(y) € f(G) and let x,ef*(f(x)) and yoef(f(y)) such that
A(xo) = Sup A(X) A(Yo)=Sup A(t) Since A has sup property.

te f1(f(x)) tef1(f(x))
Now,

B(f(x) f(y) = Sup A(2)
et (f () F(y))
> min (A(xo). Alyo))
=min {B(f(x)), B(f(y))}
And
B((f(x))™) = Sup A(2)
zetH((F(x)™)
A(x™) = Axo) = B(f(x))
Hence B is a fuzzy subgroup of f(G). Thus homomorphism image of a fuzzy subgroup is a fuzzy subgroup.
1.2.2 Definition
Let f be a function defined on Set S. If B is a fuzzy subset of f(s) then the fuzzy set A = B. f in s defined by
A(X) = B(f(x)) ¥xeS is called preimage of B is also denoted by f* (B).
(ie) A=f(B)
1.2.3 Definition
A fuzzy subset A of S is said to have the sup property if for any subset TS, there exist t,eT such that
A(t)) = SUp A(t)
teT

11l. FUZZY DIRECT PRODUCT OF FUZZY SUBGROUPS OF SUBGROUPS

2.1 PRELIMINARY DEFINITIONS AND THEOREMS:
2.1.1 Definition
Let A, B be fuzzy subgroups of a group G we say that A is equivalent to B(A~B) if FA = FB.
Obviously “~” in an equivalence relation on the set of all fuzzy subgroup of G.
2.1.1 Theorem
If A and B are fuzzy subgroups of a group G, then A =B ifand only if Im A =Im B and FA = FB where FA =
{At:teImA}
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2.1.2 Definition
For a fuzzy subgroup A of G, we associate subsets A« and A" of G defined by A« = Axg and A" = {x € G : A(X) #
Ae)}
2.1.2 Theorem

Let A be fuzzy subset of a group G. Then A is a fuzzy subgroup of G if and only if each level subset A, tis an
element of Im A, is a subgroup of G.
Proof

Let A be a fuzzy subgroup of agroup Gand Im A= {t,, t; ... t,}

Such that ty> t; > ... > t, then the level subgroups form a chain

G= AI Atn_1 AIo
Also for a finite chain

G= Gn > Gn_1 >...> GO
of subgroup of G, there exist a fuzzy subgroup A of G whose level subgroups are precisely the members of the given
chain. Actually the fuzzy subgroups which have this chain as their chain of level subgroups are the elements of the
equivalence class given by definition.

Therefore we have A: G = Gto > th >...> th to mean that A is a fuzzy subgroup of G with Im A = {to, t;

.. thysuchthat to>t,>...>t,and G, , G, ...G, are the level subgroups of A.
tn tn—l

2.1.3 Definition

A fuzzy subgroup A of a group G is called fuzzy subnormal subgroup of G if the chain of level subgroups of
A forms a subnormal series of G.

(ie) AG=G, >G >..>G

It is obvious that every fuzzy normal subgroup is a fuzzy subnormal subgroup however the converse is not always true.
2.1.3 Theorem
A fuzzy subgroup A of a group G having the chain

AG= Gto >th > . >th . is a fuzzy normal subgroup of G if and only if the chain of level subgroups of A forms a

to

normal series of G.
(ie.) (Gti < GV1<i<n).

2.1.4 Definition
Let A be a fuzzy subgroup of G. The number | ImA | is called the length of A.
2.1.4 Theorem
Suppose G has a principal series and let H, K be normal subgroups of G with K < H. Then H/K is a principal
factor of G if and only if H/K is a minimal normal subgroup of G/K.
2.1.5 Definition
A fuzzy normal subgroup A of G is called a fuzzy subgroup of principal length if the chain of level subgroups

of A forms a principal (chief) series ((ie) each Gti is maximal subgroup of Gti_1 ).

2.1.5 Theorem

A group G satisfies the chain conditions (ascending and descending) if and only if every fuzzy subgroup of G
is of finite length.

It is known from group theory that a group has a composition (principal) series if and only if it satisfies
(normal) chain conditions. Thus translating this to the fuzzy setting and using the fact that all subnormal (hormal) chain
of such groups have equivalent composition (principal) series as refinements.

2.1.6 Definition

A fuzzy subnormal subgroup A of G is called a fuzzy subgroup of composition length if the chain of level

subgroup of A forms a composition series of G.
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2.1.6 Theorem
A group G has composition (principal) series if and only if every fuzzy subnormal (normal) subgroup of G is
of finite length.

IV. FUZZY SUBRINGS

3.1 Preliminary Definitions and Results
3.1.1 Definition
Let R be a ring. A fuzzy subset A of the ring R is called a fuzzy subring of R if for all X,y € R,
A(x-y) = min {A(x), A(y)}
A(xy) = min {A(x), A(Y)}

3.1.1 Theorem
If {An; n €Z.} isa collection of fuzzy ideals of a ring R such that

AlcAc....cAc..then, UA, isafuzzy ideal of R. (where A, denotes a fuzzy ideal of a ring R. This notation
neZ

should not be mixed up with that of a level subset (level ideal).
Proof
Let X,y € R. For i, j € Z, there exists k € Z, such that A;j(x) < Ax(X) and Ai(y) < A«y) and so.
Min {Ai(x), Ai(Y)} < {AX), AY)}
Since A is a fuzzy ideal of R,
Ax (x-y) = min {Ax(X), A(Y)}
min {Ai(X), Ai(Y)} < Adx-y)}

Now,
min{U A, (x),V A, (y)} = min {SU|OZAn (x),sup A, (¥)}

neZ neZ neZ

= sup {min(A (x), A, ()}

i,jeZ,

= sup A (x—y) =(VA,)(xy)

kez neZ

(W A)(xy)= A (xy)

neZ

max {Ai(X), Ai(Y)} VieZ.

This (UA,) (xy)=max{(UA,) (x), (UA,) (V)}

nez, nez, nez,

Hence (UA,) isafuzzy ideal of R.

nez,
3.1.2 Theorem
Let A be a fuzzy ideal of a ring R, then the map f: R — Ra defined by f(x) = Ay V' xR is a homomorphism.
With kernel A; where t = A(0).

Finally,

v

R
Further —~ R, .

Proof
Define f: R — Ra by f(x) = A", for all xeR
Since A is a fuzzy ideal of R, we have A(X) = A(0) VxeR
By above Lemma, A(x) = A(0) < A=A
Now  f(x+y) = Ay X X
= AL +AY
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= () +1(y)
and fixy) = Ay
= AA,
= f(x) f(y)
.~.fis ahomomorphism
Clearly, f is onto.
Now, Kerf  ={xeR|f(x)=A%}
={xeR| A= A'g}
={xeR|A(x) = A(0)}
= {xeR | AX) =t}, t=A(0)
= At
By fundamental theorem of ring homomorphism
R

—=R,.
A
Know the homomorphism image of a Noetherian ring is Noetherian and the homomorphic image of an
Aurtinian ring is Artinian.
Corollary
If A is any fuzzy ideal of a ring R and R is Noetherian (Artinian) then Ra is Noetherian (Artinian).

V. FUZZY TOPOLOGICAL SPACES

4.1 TOPOLOGICAL SPACES
4.1.1 Definition

A fuzzy topology is a family T of fuzzy sets in X which satisfies the conditions
0, XeT
IfA,BeTthenAnBeT
IfAjeTforeachiel, then UA €T
4.1.1 Theorem
A fuzzy set A in open if and only if for each fuzzy set B contained in A, A is a neighborhood of B.
Proof

If A is open, obviously, there exist for each fuzzy set B — A,
A is neighborhood.

Conversely, Let A be a neighborhood of each B — A. Since A c A, there exist an open fuzzy set O such that A
cOcA.
4.1.2 Definition

A fuzzy set U in a fuzzy topological space (X, T) is a neighborhood, (or neighborhood for a short), of a fuzzy
set A if and only if there exists an open fuzzy set O such that A= O < U.
4.1.2 Theorem

If U is the neighborhood system of a fuzzy set, then finite intersection of members of U belong to U and each
fuzzy set which contains a member of U belongs to U.
Proof

If R and S are neighborhoods of a fuzzy set A, there are open neighborhoods RO and SO contained in R and S
respectively.

Then RNS contains the open neighborhood Ry m Sy and is hence a neighborhood of A. Thus intersection of two

members of U is a member of U, which is true for any finite members of members of U.

Hence, if a fuzzy set R contains a neighborhood of A it contains an open neighborhood of A and consequently
is itself a neighborhood.
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4.1.3 Definition

A sequence of fuzzy sets, say {A,, n=1, 2...} is eventually contained in a fuzzy set A if and only if there is an
integer m such that, if n > m then A,cA. The sequences frequently contained in A if and only if for each integer m
there is an integer n such that n > m and A,cA. If the sequence is in a fuzzy topological space (X, T). Then we say that
the sequence converges to a fuzzy set A if and only if it is eventually contained in each neighborhood of A.
4.1.4 Definition

Let N be a map from the set of non negative integers to the set of a non-negative integer. Then the sequence
{Bi, i =1, 2 ...} is a subsequence of a sequence {A,, n=1, 2 ...} if and only if there is a map N such that B; = Ay and
for each integer m there is an integer n such that N(i) > m whenver i > n
4.2 COMPACTNESS

Let E be asetand I = [0, 1] and & — IF is a fuzzy topology on E if and only if (i) V o constant o. € & (i) V W,
e d U AT ed(iii) V()icr, F € AT € 5. We give below another form of compactness.
4.2.1 Definition

The fuzzy topological space (or quasi fuzzy topological space) (E, d) is fuzzy compact if and only if each
constant fuzzy set in (E, d) is fuzzy compact.
4.2.1 Theorem

The fuzzy topological space (E, w (3) is compact, if and only if the space (E, 3) is compact, when 3 is a fuzzy
topology for X.
Proof

Let B < w (3) be such that
Supp>a>0andesuchthata>e>0,VueBputp’=p+e0, o] =1,
uep
ThenV pue B, Lu)={(r):un (x)>r}isanopen setin Ex Rand

U L()=E x|,
uep
Since E x |, is compact there exist a finite sub family Boc B such that
U L(u?)>E x I,and then clearly, SUp u> o - &.

uep AeB,
Conversely,

Suppose B € J is an open cover of E then SUp ya = 1.

AeB

Where y 4 is the characteristic function of A.

Choose g€ [0,1] then it follows from the fuzzy compactness of

[E, w (3)) that there exist a finite subset By o B such that SUP ya>1-¢.

AeB,

It is clear that By is a finite subcover of B.
4.2.2 Definition
The fuzzy topological space (E, ) is weakly fuzzy compact if and only I is fuzzy compact.

VI. CONCLUTION

My dissertation surveys some of the basic concepts and theories of “Fuzzy Algebra and Topology” which is a
generalization of concepts to Fuzziness. We deal with Fuzzy subgroups of a group, level subgroups and
homomorphism. We deals with Fuzzy direct product of fuzzy subgroups of subgroups. We describe the concepts of
Fuzzy subrings and homomorphism of subrings and subfields. We describes about Fuzzy topological spaces, local
countability, convergence, separability, product Fuzzy topology and fuzzy homeomorphism. We describe the concepts
of Fuzzy subrings and homomorphism of subrings and subfields. We describes about Fuzzy topological spaces, local
countability, convergence, separability, product Fuzzy topology and fuzzy homomorphism.
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